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In this work we derive a generalized Newtonian gravitational force and show that it can account
for the anomalous galactic rotation curves. We derive the entropy-area relationship applying the
Feynman-Hibbs procedure to the supersymmetric Wheeler-DeWitt equation of the Schwarzschild
black hole. We obtain the modifications to the Newtonian gravitational force from the entropic
formulation of gravity.
INTRODUCTION
The logical structure of General Relativity (GR) is
one of the greatest achievements in theoretical physics.
The current results from gravitational wave astronomy
cements GR as the appropriate theory to describe the
gravitational interaction. Although the open problem
of dark energy and dark matter is compatible with GR
(if one proposes new exotic sources of matter and en-
ergy), current observations do not discard alternative
theories of gravity. Furthermore, considering that after
many decades of research a complete quantum theory
of gravity is still missing, one can strongly look at al-
ternatives to GR. We can follow the traditional line of
reasoning by considering gravity as a fundamental inter-
action and from some fundamental principle write down
the corresponding theory (i.e. f(R) [1], massive gravity
[2], Horndeski, etc.). Another approach is to consider
gravity not as fundamental interaction but as an emer-
gent phenomenon [3]. During this decade there has been
a renewed interest in this idea. It started with Verlinde’s
ideas presented in [4], where he claims that Newtonian
gravity is an entropic force, in the sense of the emergent
forces that are present in the study of polymers. This
approach is motivated from the ideas in holography to-
gether with the area relation for the entropy of black
holes. Since in this formulation Newtonian gravity has
an entropic origin, one can propose modifications to New-
tonian gravity by analyzing modifications to the entropy
area law [5, 6].
Research on black hole physics has uncovered several
mysteries: Why is the statistical black hole entropy pro-
portional to the horizon area?, What happens to the in-
formation in black hole evaporation?. The answers to
these questions and more others have been extensively
studied in the literature, however, a definitive answer to
the microscopic description of black holes has yet to be
found. For supersymmetric theories there is a bound on
the mass M of the states related to the supercharges Q,
it is known as the BPS bound M ≥ Q. The mass of
the states that saturate this bound (BPS states) are pro-
tected and do not receive quantum corrections. Charged
black holes that satisfy M = Q are called extremal
black holes, which turn out to have no Hawking temper-
ature, are quantum mechanically stable and their micro-
scopic description is exact. Unfortunately, this approach
can not be applied to the Schwarzschild black hole. In
[7, 8], the authors propose a supersymmetric generaliza-
tion to the Schwarzschild and Schwarzschild-(anti)de Sit-
ter black holes. Their approach begins with the known
diffeomorphism between the Kantowski Sachs (KS) cos-
mological solution and the Schwarzschild black hole solu-
tion. For this model they find the Wheeler-DeWitt equa-
tion (WDW) and show that after a WKB approximation
the black hole solution is recovered. Then, using the
methods of supersymmetric quantum cosmology [9, 10], a
supersymmetric generalization of the Schwarzschild black
hole can be constructed. In [11], the authors use the
Feynman-Hibbs path integral procedure [12] to calculate
the temperature and entropy of the Schwarzschild black
hole. This approach allows us to incorporate quantum
corrections to the partition function through the “cor-
rected” potential and has been successfully applied to the
study of the thermodynamics of different black hole mod-
els [13, 14]. Using this method, we calculate the entropy-
area relationship for the supersymmetric generalization
of the Schwarzschild black hole. Furthermore, using Ver-
linde’s proposal we find the corrections to Newton’s law
of gravitation and show that the contributions to Newto-
nian gravity give the correct rotation curves for galaxies.
THE SUPERSYMMETRIC WDW EQUATION
FOR SCHWARZSCHILD METRIC
In order to obtain the supersymmetric generalization
of the WDW equation for the Schwarzschild black hole
we will use its relationship with the KS model. The
2Schwarzschild black hole is described by the metric
ds2 = −
(
1− 2m
r
)
dt2 +
(
1− 2m
r
)−1
dr2 (1)
+ r2
(
dθ2 + sin2 θdϕ2
)
,
for the case r < 2m the grr and the gtt components of
the metric change in sign and ∂t becomes a space-like
vector, hence if we perform the transformation t ↔ r,
and compare with the Misner parametrization of the KS
metric we identify
N2 =
(
2m
t
− 1
)−1
, e2
√
3ξ =
2m
t
− 1, e−2
√
3(ξ+Ω) = t2,
(2)
this establishes the diffeomorphism with KS. Using this
result in the Einstein-Hilbert action and performing an
integration over the spatial coordinates, we get an ef-
fective Lagrangian from which it is straight forward to
obtain the Hamiltonian constraint
H = p2ξ − p2Ω − 48e−2
√
3Ω. (3)
From standard canonical quantization, with the usual
identifications for the canonical momenta pξ = −i ∂∂ξ ,
pΩ = −i ∂∂Ω , the WDW equation derived from the Hamil-
tonian constraint is(
− ∂
2
∂Ω2
+
∂2
∂ξ2
+ 48e−2
√
3Ω
)
Ψ(Ω, ξ) = 0, (4)
this equation has been used to study quantum black holes
[15]. Using the plane wave solution for the variable ξ, the
WDW equation takes the form(
− d
2
dΩ2
+ 48e−2
√
3Ω
)
χ(Ω) = 3ν2χ(Ω). (5)
We now proceed to obtain the supersymmetric version
of the WDW equation Eq.(4), for this purpose we will
follow [9]. For homogeneous models the Hamiltonian H0
can be written as
2H0 = Gµνpµpν + U(qµ), (6)
where qµ are the minisuperspace coordinates, Gµν is the
minisuperspace metric and U(qµ) is the potential. Also,
it is possible to find a function Φ(qν) satisfying
Gµν ∂Φ
∂qµ
∂Φ
∂qν
= U(qα). (7)
To construct the supersymmetric Hamiltonian first we
need the supercharges
Q = ψµ
(
pµ + i
∂Φ
∂qµ
)
, Q¯ = ψ¯µ
(
pµ − i ∂Φ
∂qµ
)
, (8)
where ψ¯µ, and ψν are Grassmann variables and satisfy
the algebra{
ψ¯µ, ψ¯ν
}
= {ψµ, ψν} = 0, {ψ¯µ, ψν} = Gµν . (9)
The supersymmetric Hamiltonian is obtained from the
algebra of the supercharges 2HS = {Q, Q¯}, this gives
2HS = Gµνpµpν + U(qµ) + ∂
2Φ
∂qµ∂qν
[
ψ¯µ, ψν
]
. (10)
This supersymmetric Hamiltonian is the supersymmetric
generalization of Eq.(6), it is the sum of the “bosonic”
Hamiltonian and the contribution ∂
2Φ
∂qµ∂qν . This Hamilto-
nian is fully determined once we adopt a suitable repre-
sentation of the Grassmann variables
ψξ =
(
0 0 0 0
1 0 0 0
0 0 0 0
0 0 -1 0
)
, ψ¯ξ =
(
0 1 0 0
0 0 0 0
0 0 0 -1
0 0 0 0
)
,
ψΩ =
(
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
)
, ψ¯Ω =
(
0 0 -1 0
0 0 0 -1
0 0 0 0
0 0 0 0
)
.
(11)
From Eq.(4) we identify U(Ω, ξ) = 48e−2
√
3Ω and from
Eq.(7) we obtain a differential equation for Φ whose so-
lution is given by
Φ =− 4
[√
e−2
√
3Ω + ǫ−2/3 − ǫ−1/3arcsinh
(
ǫ−1/3e
√
3Ω
)]
+ 4
√
3ǫ−1/3ξ, (12)
with ǫ = constant. Since
[
ψ¯Ω, ψΩ
]
= diag(−1,−1, 1, 1),
the supersymmetric Hamiltonian will have two indepen-
dent components which only differ in the sign of the mod-
ified potential. Now the proposed WDW equation for the
supersymmetric quantum Schwarzschild black hole is[
− ∂
2
∂Ω2
+
∂2
∂ξ2
(13)
+12
(
4± 1√
e−2
√
3Ω + ǫ−2/3
)
e−2
√
3Ω
]
ΨS±(Ω, ξ) = 0.
The wave function has four components, although only
two are linearly independent, also the contributions of
supersymmetry are encoded in the modified potential.
Finally, it is worth mentioning that Eq.(4) is recovered
from Eq.(13), by taking the limit ǫ→ 0.
MODIFIED ENTROPY-AREA RELATIONSHIP
Let us start by reviewing the calculation of the entropy
for the Schwarzschild black hole, using the Feynman-
Hibbs procedure. This approach was originally applied to
the Schwarzschild black hole [11] and subsequently used
for different black hole models [13, 14, 16]. In the limit
of small Ω and taking x = lP (
√
6Ω − 1/√2), Eq.(5) can
be written as(
−1
2
l2PEP
d2
dx2
+ 4
EP
l2P
x2
)
χ(x) = EP
(
ν2
4
− 2
)
χ(x),
(14)
3we can see that Eq.(14) is the usual quantum harmonic
oscillator if we identify ~ω =
√
3
2piEp and
~
2
m = l
2
PEP .
To compute the “corrected” partition function of the
black hole we apply the Feynman-Hibbs procedure. This
approach is based on exploiting the similarities of the
expression of the density matrix and the kernel of Feyn-
man’s path integral approach to quantum mechanics. By
doing a Wick rotation t→ iβ, we get the Boltzmann fac-
tor and the kernel is transformed to the density matrix.
The kernel is calculated along the paths that go from x1
to x2, if we consider small ∆t (small β). Then, when
calculating the partition function, only the paths that
stay near x1 have a non-negligible contribution (the ex-
ponential in the expression for the density matrix gives a
negligible contribution to the sum from the other paths).
Therefore, the potential to a first-order approximation
can be written as V (x) ≈ V (x1) for all the contributing
paths. In this approximation, we can formally establish
a map from the path integral formulation of quantum
mechanics to the classical canonical partition function.
To introduce quantum effects, we must incorporate the
changes to the potential along the path; in particular,
we are interested in the first-order effects. For this, we
start by doing a Taylor expansion around the mean posi-
tion x˜ along any path. Calculating the kernel with x˜ and
doing the Wick rotation, we get the modified partition
function. This partition function is calculated in a clas-
sical manner, but with the corrected potential, which is
a mean value of the potential V (x) averaged over points
near x˜ with a Gaussian distribution. Therefore, to cal-
culate the partition function with quantum corrections
[11, 13, 14], we use the corrected potential. According to
this procedure, the corrected partition function is
Z =
√
m
2πβ~2
∫ ∞
−∞
e−βU(x˜)dx˜, (15)
where β = 1/kBT and U(x˜) is the corrected potential
given by
U(x˜) =
√
12m
2πβ~2
∫ ∞
−∞
V (x˜+ y)e−6y
2m/β~2dy. (16)
Now we substitute the potential of the WDW equation
in Eq.(15) and Eq.(16), this gives the corrected partition
function
Z =
√
2π
3
1
βEP
e−β
2E2P /16pi. (17)
From the partition function it is straightforward to calcu-
late the temperature and entropy for the Schwarzschild
black hole. We begin with the internal energy
E = − ∂
∂β
lnZ, (18)
which gives a relation between the black hole corrected
temperature β and its mass M . In terms of Hawking
temperature βH =
8piMc2
E2P
, the corrected temperature of
the black hole is
β = βH
(
1− 1
βH
1
Mc2
)
, (19)
where we can observe an extra contribution to the tem-
perature proportional to β−1H .
To calculate the entropy we use
S
kB
= lnZ + βE, (20)
by relating the Bekenstein-Hawking entropy to the Hawk-
ing temperature as Mc2βH = 2
SBH
kB
we get entropy
S
kB
=
SBH
kB
− 1
2
ln
SBH
kB
+O(S−1BH). (21)
This result has the interesting feature that the logarith-
mic correction agrees with the one obtained in string the-
ory as well as in loop quantum gravity [17–19].
Now we apply this method to obtain the temperature
and entropy of the supersymmetric Schwarzschild black
hole. Since the potential in Eq.(13) depends only on the
Ω coordinate, we use the plane wave solution for ξ. Fol-
lowing the same procedure and similar approximations
as in the original case, the equation takes the form[
−1
2
l2PEP
d2
dx2
+ 4
EP
l2P
x2 ± 1
2
EP
l4P
ǫx4
]
χS±(x) = η
2χS±(x).
(22)
From now on we will take the (−) case, the (+) case
follows straightforwardly by transforming ǫ → −ǫ. Now
we apply the Feynman-Hibbs procedure for the poten-
tial of the form V (x) = mω
2
2 x
2 + λx4. Following the
bosonic case a straightforward calculation gives the cor-
rected partition function for the supersymmetric model
ZS =
√
2π
3
1
βEP
exp
(
−β
2E2P
16π
− β
3E3P ǫ
96
)
(23)
×
(
1 +
πβEP ǫ
3
)−1/2
.
As before, this partition function reduces to the original
one in the limit ǫ → 0. For temperature we proceed as
before, using the partition function Eq.(23) the internal
energy is
1
β
+
E2Pβ
8π
+
E3Pβ
2
32
ǫ+
πEP
6
ǫ− π
2E2Pβ
18
ǫ2 = Mc2, (24)
solving for β in terms of the Hawking temperature gives
β = βH
[
1− 1
βHMc2
+ f(ǫ)
1
(βHMc2)
1/2
]
, (25)
where f(ǫ) = 23ǫ
3 − ǫ, and for convenience, the param-
eter ǫ has been redefined by ǫ → 21/2pi3/23 ǫ. We see the
4supersymmetric contribution to the temperature is pro-
portional to β
−1/2
H , also in the limit ǫ→ 0 we recover Eq.
(19).
From the partition function Eq.(23) and the temperature,
the entropy for the supersymmetric model is given by
S
kB
= −1
2
ln
3E2Pβ
2
2π
+
E2Pβ
2
16π
+
E3Pβ
3
48
ǫ− π
2E2Pβ
2
18
ǫ2 + 1.
(26)
Solving in terms of the Bekenstein-Hawking entropy
SBH/k = A/4l
2
P we arrive to the entropy-area relation-
ship
S[A]
kB
=
[1 + ∆(ǫ)]
4l2P
A− 1
2
ln
A
4l2P
+ Γ(ǫ)
(
A
4l2P
)1/2
+ ǫ
(
A
2l2P
)3/2
, (27)
where Γ(ǫ) = 21/2f(ǫ)−3·21/2ǫ+3·21/2ǫf2(ǫ)−25/2ǫ2f(ǫ)
is and odd function of ǫ and ∆(ǫ) = 6ǫf(ǫ) − 4ǫ2 is an
even function.
The modifications to the entropy of the proposed super-
symmetric Schwarzschild model can be understood as fol-
lows. The first term is the usual Bekenstein-Hawking
entropy, the logarithmic correction seems to be a uni-
versal correction and has been derived in different ap-
proaches in the study of black holes [11, 17–19]. The
third term is proportional to a linear length, this term
can be interpreted as an effective contribution due to a
self-gravitating gas, this behavior in the scaling is consis-
tent with the entropy calculated for a self-gravitating gas
where S ∼ V 1/3 [20]. Finally the last term is proportional
to the volume and is the usual behavior that the entropy
has for non gravitational systems, and corresponds to ef-
fective volumetric short distance interactions. This type
of volumetric modification, in the context of emergent
gravity, was first studied in [5], where the authors justify
the introduction of this term by using arguments from
loop quantum gravity.
EMERGENT MODIFIED NEWTONIAN
GRAVITY
The relation between entropy and gravity to derive
Einstein’s equations was put forward by Jacobson [3].
In more recent works Verlinde showed a relation between
the Entropic force and the Newtonian gravity. He pro-
posed that gravity is an effective force which emerges
from the entropy, such as the emergent entropic forces
in polymers. These forces are connected to the entropy
via the thermodynamic equation of state F∆x = T∆S.
Verlinde’s approach relates the entropy with the informa-
tion contained in a surface S that surrounds a mass M ,
which is very near from a test mass m, from which the
entropic derivation of Newtonian gravity is obtained [4].
These ideas have inspired several models that attempt
to modify Newtonian gravity. This has been achieved
by proposing quantum modification to the entropy or by
using new definitions of entropy [6] to find modifications
to Newton’s gravitational force and in some cases modi-
fications to gravity in the cosmological scenario [21]. We
can write a generic modification to the entropy-area re-
lationship as
S
kB
=
A
4l2P
+ s(A), (28)
the first term corresponds to the usual area law and the
second term, s(A), includes the other contributions to
the entropy.Using Verlinde’s entropic Newtonian gravity,
modifications to Newton’s law of gravitation [5] can be
obtained from
FM = −GMm
R2
[
1 + 4l2P
∂s
∂A
]
A=4piR2
Rˆ. (29)
With this in mind we will find the emergent modified
Newtonian force related with the area-entropy derived in
the previous section. In order to proceed, we separate
the entropy of the supersymmetric model in accordance
to Eq.(28). The calculation for the entropic Newtonian
force is straightforward
FM = −GeffMm
R2
[
1 +
3
√
2π
lP (1 + ∆(ǫ))
ǫR (30)
+
lPΓ(ǫ)
2
√
π(1 + ∆(ǫ))
1
R
− l
2
P
2π(1 + ∆(ǫ))
1
R2
]
Rˆ,
where Geff = (1 + ∆(ǫ))G is the effective gravitational
constant. We can derive the modified gravitational po-
tential by integrating Eq.(31), which up to a arbitrary
integration constant σ is
ΦM = −GeffM
R
[
1− 3
√
2π
lP (1 + ∆(ǫ))
ǫR ln
R
σ
(31)
+
lPΓ(ǫ)
4
√
π(1 + ∆(ǫ))
1
R
− l
2
P
6π(1 + ∆(ǫ))
1
R2
]
.
It is also straightforward to obtain an effective matter
density such that the Poisson equation ∇2ΦM = 4πρeff
is satisfied
ρeff =
GM
2πR
l2P
2πR4

1− √π
2lP
Γ(ǫ)R+
3
2
(√
2π
lP
)3
ǫR3

 .
(32)
We can have different interpretations to this modified
matter density, one can consider that the origin of ρeff
is a consequence to the presence of a point mass M and
through some unknown process gives ρeff . The other
possibility is to consider that we have a point particle of
mass M that generates the potential ΦM by using the
appropriate limit of some unknown theory of gravity.
5If we consider a particle of mass m in a circular orbit of
radiusR, according to Eq.(31), the velocity of the particle
is given by
mv2
R
=
GeffMm
R2
[
1 +
3
√
2π
lP (1 + ∆(ǫ))
ǫR (33)
+
lPΓ(ǫ)
2
√
π(1 + ∆(ǫ))
1
R
− l
2
P
2π(1 + ∆(ǫ))
1
R2
]
.
Such is the case of a star in circular motion around the
center of a galaxy. The second term in Eq.(33) is the
leading order term for very large R and corresponds to
the entropic volumetric correction. At this point, we ob-
serve that our model has one free parameter ǫ which can
be fit so we can reproduce the observed galactic rota-
tions curves. On the other hand, the Modified Newtonian
Dynamics (MOND), is a one parameter phenomenologi-
cal theory, that reproduces the observed galactic rotation
curves [22]. Of particular interest is the behavior for large
R, since in this limit the velocity obtained in our model
is a constant, like the velocity one obtains from MOND
in the same limit. We can exploit this fact in order to
relate our parameter ǫ with the characteristic quantities
of MOND. In the limit of large R the velocity is given by
v2 ≈ 3
√
2πGM
lP
ǫ, (34)
it is worth mentioning that the velocity depends on the
regular gravitational constant G and is linear on the pa-
rameter ǫ. Comparing with the velocity obtained for
large R in MOND, v2 =
√
GMa0, we can see that the
results agree if
ǫ =
1
6π
√
a0h
Mc3
. (35)
We can constrain the upper bound for ǫ by using the
Planck mass MP . Considering the characteristic acceler-
ation of MOND a0 ≈ 10−10m/s2 then ǫ < 10−30.
CONCLUSIONS AND FINAL REMARKS
The complexities of defining a quantum theory of grav-
ity has led to consider gravity as an emergent phenomena.
This opens a new paradigm for the understanding of the
origin of the gravitational interaction. By assuming an
entropic origin of Newtonian gravity we can study new
effects by considering modifications to the Bekenstein-
Hawking entropy. In this work, we used the supersym-
metric minisuperspace approach for the Schwarzschild
black hole to construct a supersymmetric generalization
and from the Feynman-Hibbs approach we obtained the
entropy-area relationship. It is worth mentioning, that
except for the logarithmic term that has a quantum ori-
gin, the remaining terms are related to the supersymmet-
ric modification. Assuming an entropic origin to gravity,
we constructed a generalized Newtonian force, the modi-
fied gravitational potential and the effective matter den-
sity. When considering the case of circular orbit for very
large radius, this modified theory of gravity can account
for the anomalous galaxy rotation curves. Therefore one
can conjecture that if gravity is emergent, supersymme-
try can substitute (under some conditions) the need for
dark matter to explain the rotation curves. Although this
results are encouraging, further exploration is needed to
establish this model as a replacement to dark matter.
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